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Abstract. Mathematical model for dynamic force analysis of printed circuit boards has been 

designed to calculate dynamic deformations and stresses in printed circuit boards and assess 

their dynamic strength and rigidity. The represented model describes a printed circuit board as 

a separate oscillatory system, which is simulated as prismatic beam set on two oscillating 

supports. Simulation and assessment of stress and deflection in printed circuit boards and 

obtaining their amplitude frequency responses provided recommendations, which ensure 

strength and stiffness of printed circuit boards subjected to dynamic loads. 

1. Introduction 

Mathematical model for dynamic force analysis of printed circuit boards (PCB) has been designed to 

calculate dynamic deformations and stresses in printed circuit boards and assess their dynamic 

strength and stiffness. The represented model describes printed circuit board as the separate oscillatory 

system. Unlike the previous model published in [1,2], the printed circuit board is no longer represented 

by a point particle (mass). In this case it is represented by prismatic beam or a plate. 

The initial choice of the beam for printed circuit board simulation is explained by the fact that 

cylindrical bending of a board can be considered as bending of the set of beam-strips, having 

rectangular cross-section imaginary cut out of this board in transverse direction, thus the stress and 

strain calculation of such beam-strips can be performed by using conventional methods applied in 

strength of materials [3] (internal forces and moments diagrams, stress and strain calculation, etc.). 

Numerous publications devoted to stresses assessment [4] and mechanical strength control [5] for 

electronic packages, and in particular to printed circuit boards [6], subjected to bending and shear 

forces [7] and undergoing dynamic deformations [8], performance of dynamic analysis [9] and 

reliability [10] using vibration reduction design [11] and vibration suppression methods [12] indicate 

of insufficient strength and reliability of modern electronic packages explored in harsh conditions of 

variety of impacts including mechanical shocks and vibration. Mathematical modeling represented in 

this paper is aimed at dynamic force analysis of printed circuit boards in order to eliminate or reduce 

dynamic stress to an acceptable level and to provide strength and reliability in design of printed circuit 

boards subjected to vibration. 

2. Dynamic loads on the beam 

Figure 1 represents the dynamic load on the beam with concentrated mass m. Such representation 

assumes the beam mass negligibly small in comparison with concentrated mass. Electronic 

components, or a group of components, whose mass exceeds mass of the board, and in this way 

creates an uneven load distribution of oscillatory system, are considered to be the concentrated mass. 



ICASSCT 2021
Journal of Physics: Conference Series 1921 (2021) 012120

IOP Publishing
doi:10.1088/1742-6596/1921/1/012120

2

 

 

 

 

 

 

The beam rests on two points   and    representing pinned support (with one degree of freedom) 

and roller (with two degrees of freedom) correspondently (to simplify the scheme types of supports are 

not shown in figure 1), through which the beam is exposed to external force. 

With respect to inertial frame of reference, which can be represented by supports of the shaker, 

oscillation of mass m proceeds with acceleration a1, due to kinematic excitation generated by 

oscillations of the beam ends, to which dynamic force is applied and which move with given 

acceleration a0. The difference in these accelerations, taking into account their directions, is a = a1 – 

a0 and represents acceleration of the mass m with respect to supports O and   , which introduce non-

inertial frame of reference. Taking into account the non-inertial frame of reference and all forces 

acting on the mass m: force of inertia; fictitious force of inertia; elastic force Fk and damping force Fc, 

the equation of motion for mass m is expressed as: 

 

 ̈    
      ̇     ,                            (1) 

where f = f(t) – required function of mass m displacement. 

The oscillation is generated by the shaker, whose table performs the vertical movement (parallel to 

Z axis) described by harmonic oscillations: 

z0(t) = Z0 sin (t),      (2) 

where Z0 – amplitude;  = 2f – angular frequency, f – frequency; t – time;  – phase of oscillations. 

 

Then        
          and differential equation (1) is obtained identically to equation 

represented in [1,2] so its solution has expression identical to [1,2]: 

        
     

                 ⁄     (         (
  

    

   
)),  (3) 

or in brief notation: 

f(t) = A sin(t – ).    (4) 

 

 
Figure 1. Dynamic loads on the beam with concentrated mass 

 

3. Dynamic net force acting on the board 

As shown in (figure 1), function (4) describes deflection  of the beam, which occurs with respect to 

static equilibrium position of the oscillation system st : 

    
  

 
 

 

  
 ,     (5) 

where k – stiffness; 0 – natural frequency; g – gravity. 

Taking into account static equilibrium position the total deflection is     
 : 

    
       .     (6) 

where A – amplitude of oscillations that can always be expressed by static deflection Ast and dynamic 

coefficient kdyn: 

A = Аst  kdyn.     (7) 
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Static deflection (displacement) of the system produced by maximal value of dynamic force in its 

direction is determined from equation (1) for f(t) = 0 and f (t) = 0: 

    
   

 

  
                               (8) 

Dynamic coefficient: 

     ((  
  

  
 )

 

 
      

  
 )

   ⁄

.    (9) 

Total deflection is produced by the net force Р representing force of inertia Pi and gravity Pst 

(weight) of the mass m, thus:  

         
    
 

 
,    (10) 

where  – flexibility of the beam in direction of force P. 

The flexibility of the beam in direction of actual force P (figure 2) is convenient to find by its 

substitution with a single force P1 = 1 and defined by Mohr’s integral: 

   ∑ ∫
(  

 )
 

  
  

  
 ,    (11) 

where k – number of the load section; xk – length;    
  – internal bending moment (table 1) in the 

direction and from the action of single force P1; E and J – Young's modulus and moment of inertia of  

cross-sectional area of the beam respectively. 

The flexibility formula (11) has been obtained according to hypothesis that fibers in the beam do 

not produce pressure on each other, what means that stress in direction perpendicular to the axis of the 

beam equals zero. Therefore, consideration of only internal bending moments is sufficient, while the 

action of internal transverse forces can be neglected. 

Using the load application scheme given in figure 2 and formula (11) provides formula for 

flexibility of the beam at the point of single force application: 

  
        

    
.     (12) 

Determining flexibility (12) also allows calculating natural (resonant) frequency 0 of the printed 

circuit boards (beam) according to the formula: 

          ⁄ .     (13) 

According to formulas (10) and (5 - 9) the expression for the equivalent force P is: 

     
   ((  

  

  
 )

 

 
    

    
 )

   ⁄

   .   (14) 

4. Strength assessment 

Strength assessment is performed by using the maximal total normal stress defined by bending 

formula of the beam: 

    
  

    

 
,    (15) 

 

where Mmax – maximal internal bending moment; W – axial moment of resistance, which for a 

rectangular cross section is determined by the formula: 

  
   

 
,     (16) 

where b – width; h – thickness of the beam. 

Maximal internal bending moment corresponds to bending moment produced by the equivalent 

force P in the cross section of the beam with coordinate x, as shown in the diagram of moments (figure 

2), and is defined as: 

        (  
 

 
).    (17) 

The use of formulas (14 - 17) provides stress estimation and strength assessment of printed circuit 

boards represented by a beam with concentrated mass in specified range of oscillation frequencies. 
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5. Stiffness assessment 

Stiffness assessment of printed circuit boards is proposed to perform by the value of maximal 

displacements (deflections) of the board. Noteworthy is that largest deflection of a beam coincides 

with spot of application of acting force only when the force is applied in the middle point of the beam. 

In the case when the concentrated mass, as well as correspondent force of inertia, are not in the 

middle, the largest deflection of a beam will not coincide with the place of force application. In any 

case finding maximal deflection is critical to assess the stiffness, the vibration characteristics of a 

structure and the risk of collisions and impacts with other (adjacent) structural elements of the housing 

or printed circuit boards. 

To determine maximal deflection, in accordance to Mohr’s method [3], the load application scheme 

(figure 3) and bending moments diagrams produced by the actual force P acting on the body and 

single force X1 = 1 have been introduced. Among deflections ij shown in (figure 3) produced in 

direction of force "i" and by the action of force "j", the deflection 1Р is required, which is deflection 

in direction of force Х1 from the action of force P. This deflection can be found from equality of 

external and internal virtual work: 

       
 , 

produced by the force Х1 in direction on displacement 1Р: 

    ∑ ∫
  

    
 

  
  

  ,    (18) 

where   
  – internal bending moment in direction and from the action of the single force Х1;   

  – 

internal bending moment from the action of external load P in direction of the single force Х1.  

Expressions of functions for internal bending moments obtained using the method of cross sections 

are represented in table 1. 

 
 

 
Figure 2. Net force application and bending 

moment diagram on the beam 

Figure 3. Loads and diagrams of bending moments 

produced by the actual and single forces 

 

Table 1. Internal moments in the load sections on the beam 

Load sections                   
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Deflection of the beam (18) produced by force P in direction of force Х1 was expressed as function 

of linear coordinate d along the axis Х of the beam. To make the record more convenient variable d 

was substituted with x, hereby the function of argument x is expressed as: 

       
       (         )

    
.   (19) 

The function (19) domain when a ≤ l/2 represents the interval a ≤ x ≤ l, which provides the section 

with maximal deflection (figure 3). 

The function (19) extremum corresponds to maximal deflection of the beam by the argument  

     
√ 

 
√     : 

   
        

√          
 
 

     
,    (20) 

which is also evident from the graph representing 1P(x) (figure 4, a). Deflection in this coordinate is 

used for beam stiffness assessment against its threshold limit value that is determined experimentally. 

Another method to determine deflection of the beam is by using the approximate differential 

equation of curved axis of the beam [3]: 

             .     (21) 

Finding deflection considers the same load application scheme (figure 3) but with an exclusion for 

the use of the single force X1. The maximal deflection obviously lays within the load section a  x  l. 

Double integration of differential equation (21) with substituting functions of internal moments 

obtained in table 1 results in deflection equation: 

        
    

 
 

    

  
       .    (22) 

Double integration of equation (21) in the section 0  x  a gives: 

        
   

 
   

 

 
        .    (23) 

Integration constants C1, D1 and C2, D2 are found by consideration of displacements in 

characteristic points of the beam in both sections: 2(0) = 0; 2) 1(l) = 0; 3) 1(a) =2(a). 

Then D1 = 0 and     
     

 
. 

The equation of deflection of the beam in the section a  x  l is expressed as: 

     
               

    
.    (24) 

The extremum of function (24) corresponds to maximal deflection of the beam by the argument 

     
√ 

 
 : 

         
√     

    
,    (25) 

which is also evident from the graph of function (x) represented in figure 4, a. 

Comparative analysis of formulas (19) and (24) indicates insignificant difference in deflections, 

which reaches maximum when a  l/2 (figure 4, b), although the first formula is characterized by 

higher accuracy of calculation. Analysis of formulas (20) and (25) to calculate maximal deflections 

shows that they are close to the deflection in the middle point on the beam and even in the most 

unfavorable case when a  0 the difference between them does not exceed 3%. Therefore the stiffness 

assessment, without significant loss of accuracy, may be performed by the value of deflection in the 

middle point on researched structure represented as a beam: 

   
                     (

 

 
).   (26) 
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a)      b) 

Figure 4. The graph of deflection function on the beam 

6. Simulation and strength and stiffness analysis of printed circuit boards 

Simulation and analysis of maximal total normal stress and deflection was conducted for PCB samples 

with following characteristics: dimensions  – 180501.5 mm; the substrate material – fiberglass 

CAST-V, Young's modulus E = 14 GPa, density  = 1600 kg/m
3
, ultimate strength fg = 160-300 

MPa; solder joints made by POS-40 solder with ultimate strength sld = 40 MPa; damping found 

experimentally [2,13,14]  = 10.96 1/s; mass of electronic component (concentrated mass) m = 50 g; 

electronic component is mounted in the middle point of PCB. 

Acceptable stress of the whole PCB structure is determined by ultimate strength of its structural 

element whose strength has lowest value. As shown in [15-18] soldered joints belong to such 

elements. Inaccuracy of ultimate strength for the solder, associated with design and technology of the 

joint, is taken into account by the safety factor n = 2.5, which limits ultimate stress within 

proportionality section on tensile diagram of the solder and does not reduce strength of the solder 

joint. Thus, the acceptable stress value of PCB is determined by formula [16-17,19]: 

[ ]  
    

 
 = 16 MPa.   (27) 

In the simulation PCB was subjected to dynamic load as shown in figure 1 with oscillation 

amplitude Z0 = 1 mm. Figure 5 demonstrates amplitude frequency response of maximal total normal 

stress and deflection in PCB. 

The amplitude frequency response of maximal total normal stress () indicates the resonance at 

angular frequency 0 = 180.2 rad/s (28.67 Hz). Using graph (figure 5, a) allowed to reveal frequency 

ranges in which actual stress complies with ultimate strength limit: before resonance range: 0 - 160.8 

rad/s and after resonance range: from 208.9 rad/s and higher. In frequency range near resonance actual 

stress is potentially destructive. Thus, recommendation was given for acceptable operating ranges of 

vibration frequencies, although their regulation is not always achievable in practice. 

The amplitude frequency response of maximal deflections (figure 5, b) expressed as: 

     
      

    
,    (28) 

demonstrates resonance at the same angular frequency 0 = 180.2 rad/s. 

Acceptable deflection of PCB can be determined by using acceptable operating ranges of vibration 

frequencies found for maximal total normal stress (figure 5, b), then   4 mm. Nevertheless 

acceptable deflection may be specified by experimental method for acceptable limit specification of 

PCB warpage introduced in [15], then ’ = 5 mm. As shown in figure 5, b this acceptable deflection 

allows even expanding the operating frequency range up to 0 - 164.2 rad/s and from 202.1 rad/s and 

higher without violating the stiffness condition and experimentally proven strength condition. 
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a)     b) 

Figure 5. Amplitude frequency response of maximal total normal stress and deflection in PCB 

 

The undoubtedly desirable aim of the research would be to provide strength and stiffness of printed 

circuit boards even in conditions of resonant excitation without reference to a specific range of 

vibration frequencies. This research is to be in objective for the further publications. 

 

7. Conclusions 

Mathematical model for dynamic force analysis of printed circuit boards has been designed to 

calculate dynamic deformations and stresses in printed circuit boards and assess their dynamic 

strength and stiffness. The represented model describes a printed circuit board as a separate oscillatory 

system, which is, in this case, simulated as prismatic beam rested on two oscillating supports. 

The simulation and analysis of maximal total normal stress and deflection of printed circuit boards 

and obtaining their amplitude frequency responses provided recommendations for acceptable 

operating ranges of vibration frequencies, which ensure strength and stiffness of printed circuit boards 

subjected to dynamic loads. 
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